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On What Really Exist in Mathematics†
Feng Ye*
If abstract mathematical entities do not really exist, then what really exist in mathematics? For a naturalist and nominalist, they can only be human brain activities in doing and applying mathematics. This paper belongs to a research project exploring a naturalistic and nominalistic account for human mathematical practices by treating them as human brains’ cognitive activities. I will first introduce the basic assumptions on human cognitive architecture and then discuss several aspects of mathematical practices on that basis: understanding, knowledge, intuition and experience in mathematical practices, the relationships between the mathematical and the physical, and the psychological reasons why people believe in abstract entities. 
1. Introduction
In a previous paper (Ye [2007a]), I argued that without explicitly saying what really exist on the mathematical side in mathematical practices and without providing an equally ‘realistic’ (i.e. literally truthful) account for mathematical practices by referring to what really exist, to replace realists’ account based on assuming abstract entities, current anti-realistic approaches to the philosophy of mathematics are seriously flawed. Then, what really exist on the mathematical side in mathematical practices if not mathematical entities? 
A first thought may be that they are mathematical theories. However, aren’t theories abstract entities anyway? Or are they only ink marks on papers? Without brains to understand and interpret ink marks on papers, ink marks are meaningless. Intuitionists used to see mathematics as a creation of minds, but intuitionists do not seem to hold a naturalistic view on minds, and we want to pursue an account for human mathematical practices in naturalism. 
Naturalism here means ‘philosophical naturalism’ or various forms of physicalism (Papineau [1993]). In particular, naturalism sees minds as functions of brains, parts of this physical world, and results of evolution. Human mental activities are just brain activities. Naturalism rejects any Transcendental Mind alienated to the natural world in accounting for human cognitive activities. In Ye [2007b], I argue that naturalism, if not directly implies nominalism, at least discredits the Quinean indispensability argument for abstract entities, because the fundamental notions employed by the argument contradicts the naturalistic picture of minds. A naturalist will not describe the phenomena of human mathematical practices as human brains’ ‘committing to’ or ‘positing’ abstract mathematical entities. These are the so-called ‘intentional terms’, presupposing a Transcendental Mind with the power of intentionality. Naturalists believe that intentionality should be naturalized (Adams [2003], Ye [2007c], [2007d], [2007e]). However, there seems to be no way to naturalize the intentionality relation between a brain and the alleged abstract entities (Ye [2007b]). A naturalist will naturally describe the cognitive functions of those mental representations realized as neural circuitries in human brains in human mathematical practices, and describe the natural relations between those mental representations and other physical objects out of the brains in mathematical applications. 
That is, for a naturalist (who is also a nominalist), it is obvious that what really and primarily exist in mathematics can only be human brain activities in doing and applying mathematics. There is simply nothing else that could be the candidates. This leads to a completely naturalistic and scientific study of mathematical practices, viewing human mathematical practices as human brains’ cognitive activities and as natural phenomena. A study of human mathematical practices will then be essentially a continuation or extension of cognitive sciences, with special attention to human mathematical cognitive activities. 
A research project exploring such a naturalistic and scientific (and nominalistic) account for human mathematical practices is underway, and this paper belongs to that project. Ye [2007a] suggested that such a nominalistic account for mathematical practices should positively explain all aspects of mathematical practices that are taken by realists as reasons supporting realism. These include explaining what understanding, knowledge, intuition and experience in mathematical practices consist in, if not ‘grasping’ abstract mathematical entities, or knowledge, intuition and experience ‘about abstract entities’. They also include explaining what the apparently genuine relationships between some alleged mathematical entities and other physical things consist in, if mathematical entities do not really exist. Such apparently genuine relationships include, for instance, the apparent approximate isomorphism between Riemann spaces and the physical space-time, which appears to be the objective reason for applicability of the Riemann space theory for modeling space-time. Moreover, one should also provide an explanation on why so many people believe that abstract entities objectively exist in some sense. This paper will address these three issues, but it will first introduce some basic assumptions on human cognitive architecture as the basis. 
Other aspects of mathematical practices are addressed in the papers that follow. In particular, Ye [2007f] discusses objectivity in mathematical practices from the naturalistic point of view, arguing that admitting objectivity does not imply the existence of abstract entities; and Ye [2007g] discusses the apriority of logic and arithmetic in this naturalistic setting; and Ye [2007h] and [2007i] try to explain the applicability of mathematics.

This research project is under the background of the realism vs. anti-realism (or nominalism) debates in the contemporary philosophy of mathematics. Readers can consult Shapiro [2005] for that background. Some cognitive scientists have studied the origin and psychological nature of mathematical concepts from the psychological point of view (e.g. Lakoff and Núñez [2000]). However, they did not discuss issues that concern philosophers and logicians, such as naturalizing the relationships between the mathematical and the physical, objectivity in mathematics, and the applicability of mathematics and so on, which are the focus of this research project.

2. Hypotheses on Human Cognitive Architecture

I will start with introducing hypotheses about human cognitive architecture, as the basis for accounting for mathematical practices as human cognitive activities. Cognitive science is still in its infancy. We have little knowledge about human cognitive architecture. Fortunately, our interests here are only the philosophical and logical aspects of human mathematical cognitive activities, and we are not interested in psychological details. Therefore, we can resort to hypotheses that are commonly accepted among cognitive scientists and philosophers (of mind and cognitive sciences), and that appear intuitively reasonable, without touching any psychological details. Moreover, only hypotheses relevant to the philosophical and logical aspects of human mathematical practices will be touched.

First, we assume a Representational Theory of Mind. It means that some sort of mental representations are the building blocks of human cognitive architecture. Mental representations are associated with linguistic terms or sentences for expressing them. The most common types of mental representations relevant to us include nominal concepts, logical concepts, and thoughts. Nominal concepts are expressed by nominal phrases, for instance, ‘dog’, ‘7’, and so on. We sometimes use a word in caps (e.g. DOG) to denote a concept expressed by the word in a brain. Thoughts are expressed by declarative sentences. Logical concepts include AND, OR, NOT and so on. 

Note that concepts and thoughts here are all mental particulars residing in individual brains, supposedly realized as neural circuitries. They are like data and programs in an artificial intelligence system in a computer, realized as bits and bytes in a computer, and finally as electro-magnetic states of materials. They are not the Fregean concepts or thoughts as public, abstract entities. 

Some concepts (e.g. DOG) are used for representing physical entities in environments or their properties directly. Brains treat representing physical entities or their properties as the major normal cognitive function of these concepts in brains. I will call these concepts ‘realistic concepts’. The rules determining what entities or properties a realistic concept represents are called ‘semantic mapping rules’. As naturalists, we believe that semantic mapping rules can be stated in naturalistic terms (vs. intentional terms such as ‘represent’, ‘mean’, ‘refer to’ and so on). That is, they can be naturalized. Then, the semantic representation relation between concepts in brains and external physical entities is a natural relation between two types of physical entities, just like any other natural relations between natural entities studied by sciences. This is called ‘naturalizing content’ in the contemporary philosophy of mind. See Adams [2003] for a survey, and see Ye [2007c], [2007d], [2007e] for a new theory for naturalizing content. 

Some other concepts are not meant to represent physical entities in environments or their properties directly, in the sense that representing physical entities or their properties directly is not among the normal cognitive functions of these concepts in brains. These concepts have other cognitive functional roles in brains (to be explained later). Mathematical concepts belong to this category. I will call them ‘abstract concepts’.
Thoughts are composed of concepts. Similarly, some thoughts in brains are meant to represent external physical states of affairs directly. These are realistic thoughts. For instance, a thought expressed by ‘ravens are black’ in a brain is composed of two realistic concepts, representing a category of physical entities and a physical property. The thought is true if all physical entities in that category have that physical property. With the representation relation between realistic concepts and external physical entities or their properties being naturalized, this is then a naturalized correspondence theory of truth (for realistic thoughts only). In other words, ‘true’ becomes a natural property of a type of natural entities, i.e. realistic thoughts realized as neural circuitries in brains, relative to the physical environments for the brains. 
In contrast, abstract thoughts in brains, including mathematical thoughts, are not meant to represent external physical states of affairs directly. They again play other cognitive functional roles in brains. These include thoughts in the context of telling a fiction or in consciously imagining things. The naturalized ‘true’ predicate does not apply to abstract thoughts.

Logical concepts can combine other concepts or thoughts to form logically composite concepts and thoughts. Logically composite concepts and thoughts may or may not be used to represent external physical entities or their states directly, depending of if all the component concepts are realistic concepts. A naturalistic theory of logical concepts is still to be explored. (Ye [2007c], [2007d] deal with simple concepts and thoughts only.) The semantic mapping rules for logical concepts may be trivial. They determine what external affairs correspond to the logically composite thoughts formed with those logical concepts. For instance, the thought ‘p AND q’ corresponds to external affairs that correspond to both p and q. However, a naturalistic theory of logical concepts has to explain how these semantic mapping rules for logically composite thoughts are realized naturalistically. Presumably, this has to postulate how a logically composite thought (e.g. p AND q) is structurally realized in brains, and how the structure affects one’s acceptance of the logically composite thought as one’s belief, and how it affects one’s reactions to external states when it is already one’s belief. These interactions with environments are what finally realize the connections between inner representations and external things (see Ye [2007c] for more). These, together with the naturalization of the representation relation for realistic concepts and simple thoughts, will explain how the correspondence between logically composite thoughts and external affairs are naturalistically realized.

A logical inference rule is an inference process pattern in brains, producing a thought in some format as a conclusion from some other thoughts in some formats as the premises. As a logical inference pattern, we consider only logical concepts involved as constant and consider other realistic or abstract concepts as variable. Therefore, an inference on realistic thoughts may share the same pattern as an inference on abstract thoughts. A logical inference rule is valid if, as a natural regularity, in any inferential process with that pattern and with premises and a conclusion that are realistic thoughts, whenever the natural correspondence relation exists between the premises and some external physical states, it exists between the conclusion and those external physical states as well. Therefore, the validity of a logical inference rule becomes a naturalized notion as well. An assertion about the validity of a logical inference rule is an assertion about some natural regularity in a special type of natural processes. It says that whenever some natural (relational) property exists at the beginning of those natural processes, it exists at the end of those processes as well. It is not unlike other scientific assertions about regularities in nature. 
Note that while a logical inference pattern may apply to abstract thoughts, validity is characterized by referring to its effects on realistic thoughts only, because only the latter can have the naturalized ‘true’ property.
To explain how exactly a particular logical inference rule is valid and to answer which logical inference rules are valid, we must first explore a naturalistic theory of logical concepts. However, we certainly believe that no matter what a naturalistic theory of logical concepts will be, ordinary logical rules we commonly accept are valid. In particular, we may assume that valid logical rules include all logical rules in the classical first order logic. 
Note that a brain may frequently follow logical inference patterns that are not valid according to this naturalistic characterization. Therefore, this is not the so-called psychologism, if that means ‘to be logically valid is just to occur most frequently in brains’. The normativity in logical validity comes from the normativity in the semantic representation relation between concepts and external things and the naturalized correspondence relation between realistic thoughts and physical states of affairs, which, we assume, have been naturalized. 
A naturalistic and scientific study of human mathematical practices and mathematical applications will then describe the cognitive functions of abstract mathematical concepts and thoughts in brains and their possible functional connections with physical entities out of brains. Naturalizing the semantic representation relation, truth and logical validity for realistic concepts and thoughts will be the basis for scientifically describing the natural connections between abstract concepts and thoughts in brains and other concrete things out of brains. In particular, it will be the basis for describing the applicability of abstract mathematical concepts and thoughts to physical things in the universe. Philosophical issues on the other aspects of mathematical practices, including issues on mathematical understanding and knowledge, objectivity in mathematics, the apriority and necessity of mathematics and so on, will also be issues on aspects of cognitive functions of mathematical concepts and thoughts, and issues on the connections between the mathematical concepts and thoughts in brains and the physical entities, properties, and states of affairs out of brains. 
3. The Cognitive Functions of Mathematical Concepts and Thoughts
In developing a mathematical theory, we create some abstract concepts, and take some abstract thoughts containing those abstract concepts as our basic assumptions, and draw conclusions using the ordinary logical rules. The process can be described as imagining ‘mathematical entities represented by’ those abstract concepts, adopting some axioms ‘about those imaginary entities’, and drawing conclusions ‘about those imaginary entities’ as theorems. Certainly, there are really no such things as ‘imaginary entities’. What really exist are human brain activities in creating and manipulating those abstract mathematical concepts and thoughts, that is, brain activities in ‘imagining things’. Saying that mathematical entities are imaginary entities is only a convenient manner of speech. What a naturalistic and scientific study of mathematical practices should do is realistically describing the cognitive functions of those abstract concepts and thoughts in brains, not speculating about whether those ‘imaginary entities’ are in some sense real.

Now, abstract concepts and thoughts do not directly represent concrete things or their states of affairs. They have other primary cognitive functions in brains. First, they play some internal inferential roles in brains. Abstract concepts and thoughts have similar structures as realistic concepts and thoughts. It seems that brains apply those valid logical inference rules for realistic concepts and thoughts to abstract concepts and thoughts in internal inferential processes.  

Moreover, it seems that internal inferential processes are not limited to explicit symbolic logical inferences. For instance, our concepts representing physical objects may include perceptual representations, such as visual perceptual images, as conceptual constituents, and our mental inferential processes involving such concepts may include constructing, analyzing and manipulating such perceptual representations, which may not be analyzable into explicit symbolic logical inferences. It seems that our mathematical concepts can include perceptual representations as well. This seems obvious for geometrical concepts, which may actually have perceptual visual images of concrete geometrical figures as constituents, but it is perhaps true for concepts of sets and other ‘mathematical structures’ as well. For instance, a concept of ‘an infinite sequence of objects’ may include a mental image of a sequence of objects with some fuzzy ending, together with some propositional representations stating something like ‘the sequence has no end’. Having a propositional representation can be simply having a memory of a declarative sentence. Similarly, concepts and thoughts ‘about Riemann spaces’ may consist of some perceptual geometrical representations, together with some symbolic propositional representations. Then, mathematical inferences in brains should also include constructing, analyzing and manipulating perceptual representations, and the inferential roles of mathematical concepts should also include their roles in such non-symbolic inferences. These should perhaps also include extracting symbolic propositional representations from perceptual representations, and reversely, constructing perceptual representations based on symbolic propositional representations. 
Besides internal inferential roles, an abstract concept plays a different kind of role that relates them with concrete things out of brains in some indirect way. First, some abstract concepts can be combined with realistic concepts to form composite concepts that do directly represent external things or properties of external things. For instance, the simple number concept ‘7’ can be combined with the concepts DOG and POUND to form the composite concepts 7-DOGS and 7-POUNDS, which do represent concrete physical objects or their physical properties directly. 

More specifically, it seems that people do not have number concepts ‘1’, ‘2’, ‘3’, and so on singly. Instead, a brain memorizes numerals ‘1’, ‘2’, ‘3’ and so on in a numeral system, and memorizes the associations between these numerals and the body’ motor actions in counting. These memories are constituents of one’s number concepts 1, 2, 3 and so on. With these memories, a brain can control the body’s counting motor actions. A specific number concept, say 7, has the further function of controlling the termination of a series of counting motor actions, namely, counting up to 7. Then, supposing that the category of things represented by DOG is determined, what 7-DOGS represents is determined by the real or potential motor actions of counting instances of DOG 7 times, which is controlled by the concept 7 in a brain. 
Then, thoughts involving simple number concepts, for instance, ‘3+4=7’, have the function of summarizing other thoughts directly representing physical states of affairs, namely, ‘3 dogs plus 4 dogs are 7 dogs’, ‘3 pounds of sugar plus 4 pounds of flour are 7 pounds’, and so on. In this sense, ‘3+4=7’ expresses our knowledge about real things in a more general and thus more abstract format. We memorize that abstract thought in memory, and it summarizes many instances and saves our memory space. This is one of the cognitive functions of the abstract thought ‘3+4=7’.
The more complex number concepts expressed by composite numerical expressions, for instance, 234 in the decimal system, are more like computer programs consisting of several commands. They participate in instructing bodies to perform more complex motor actions in counting, including carrying digits and so on. Otherwise, they have the similarly function of combining with other concepts to form concepts directly representing physical objects or their properties.
Then, when we talk about ‘all natural numbers’, ‘an arbitrary natural number’, or when we claim that 23 and 17+6 are the same number, we are having another set of inner representations, representations related to ‘the natural number sequence’. These may include a perceptual mental image of a sequence of objects, plus some propositional representations stating ‘the sequence has a first number’, ‘each number in the sequence has a successor’ and so on. 
The way these higher level abstract concepts and thoughts are connected with external real things is even more indirect and flexible. It seems that they are connected with external things by a series of translations in brains. For instance, we first translate theoretical abstract thoughts such as ‘for any natural number x, y, x+y=y+x’ into simpler abstract thoughts involving numerical expressions, for instance, ‘3+4=4+3’. Then, these simpler abstract thoughts are translated into realistic thoughts directly about physical entities or their properties. For instance, by combining the concepts 3 and 4 with the concept DOG and translating the concept + into the concept PLUS, we get ‘3 dogs plus 4 dogs are 4 dogs plus 3 dogs’. Then, finally, these realistic thoughts are connected with external states of affairs by the naturalized representation relation. Abstract thoughts ‘about Riemann spaces’ can be similarly translated into thoughts literally about the physical space-time. For that, we need to translate the abstract concepts POINT, LINE, and METRIC and so on into some physically defined concepts, for instance, VERY-SMALL-SPACE-TIME-REGION, TRACE-OF-A-LIGHT-BEAM and so on. These then directly represent physical entities or their properties by the naturalized representation relation. At the end of the translations, we should get realistic thoughts about finite concrete physical entities and properties, such as spatiotemporal locations, traces of light beams and so on. 
Apparently, there can be many ways of doing such translations for a mathematical thought or a collection of mathematical thoughts in a mathematical theory. I will call them ‘schemes of translations’. Therefore, an abstract mathematical thought does not represent physical states of affairs directly. Instead, it can represent physical states of affairs together with a translation scheme. With a translation scheme, it can encode our genuine knowledge about concrete real things in the universe. 

The consequence is that theoretical concepts and thoughts in mathematics become autonomous. Mathematicians are specialized in inventing and manipulating such concepts and thoughts, while scientists choose appropriate concepts and thoughts and choose appropriate translation schemes for their uses. Abstract concepts and thoughts provide a rich pool of mental resources to allow modeling natural phenomena and summarizing, organizing and representing our knowledge about natural phenomena in very general, flexible and abstract ways. These are the most powerful cognitive functions of mathematical concepts and thoughts.
In the simplest cases of mathematical applications, a translation directly translates a series of mathematical inferences on abstract mathematical thoughts into a series of valid inferences on realistic thoughts. Then, if the premises in the latter are true (based on the naturalized correspondences), then the conclusion is also true. Here, a mathematical proof has the function of encoding valid inferences on realistic thoughts in an abstract format, as a schema. 
Most applications of mathematics are not that simple. For instance, when a continuous mathematical model is used to simulate discrete physics quantities, mathematical proofs on abstract mathematical thoughts cannot be straightforwardly translated into valid inferences on literally true realistic thoughts about discrete physics quantities. Then, the functional roles of mathematical thoughts and proofs will be more subtle. That is what an explanation of the applicability of infinite mathematics to finite things must address. See Ye [2007h], [2007i] for more details.
Then, we can see that understanding a mathematical term or statement needs not mean ‘grasping or perceiving abstract mathematical entities’ in some mysterious ways. Understanding pure mathematical statements such as statements in Peano arithmetic or Riemann geometry partially consists in having related abstract concepts and thoughts in the brain and having the ability to manipulate those concepts and thoughts. These include the ability to manipulate those perceptual representations and to do symbolic logical inferences on related propositional representations. It also partially consists in having the ability to apply a translation scheme to those abstract concepts and thoughts to get the resulted realistic thoughts about physical entities.   
Similarly, a mathematician’s knowledge, experiences and intuitions are primarily knowledge, experiences and intuitions about constructing, analyzing and manipulating abstract concepts and thoughts, together with some knowledge, experiences and intuitions about which translation schemes will translate which abstract mathematical thoughts into true realistic thoughts. These include the knowledge, experiences and intuitions about performing explicit symbolic inferences on abstract concepts and thoughts, as well as the knowledge, experiences and intuitions about manipulating perceptual representations ‘of geometrical and other mathematical structures’. In particular, they are not about the alleged abstract entities.
Note that performing symbolic inferences on abstract concepts and thoughts is not an arbitrary mental process. The logical rules used are valid logical rules for realistic thoughts or some variations of them. Moreover, there is objective correctness regarding whether a series of inferences does follow the rules (Ye [2007f]). Therefore, these knowledge, experiences and intuitions are about real objects and objective facts, although they are not about the alleged abstract entities. They are like knowledge, experiences and intuitions in other activities of following rules, such as playing chess. 
Intuitions in doing mathematics include intuitions regarding the possible results of performing symbolic inferences on abstract thoughts, based on the experiences of performing inferences. This is like a chess player’s intuitions about the outcomes of series of moves based on experiences. They also include intuitions on manipulating perceptual representations, such as geometrical intuitions about operations on perceptual representations of geometrical shapes. Such intuitions appear to play a very significant role in working mathematicians’ daily work of finding mathematical proofs and constructions. However, note that they are about the results of operations following some rules or the results of manipulating perceptual representations in brains. As such, they have genuine and objective content, but they need not be ‘about abstract entities or structures’.
An example is the belief about the consistency of the set theory ZFC. From the naturalistic point of view, this is an inductive belief that human brains can naturally reach based on extensive experiences in doing logical inferences on thoughts containing the set theoretical concepts, manipulating perceptual representations of ‘the cumulative hierarchy of sets’ and so on. After brains are used to these, and after noticing that obvious paradoxes are eliminated, brains start to accept the consistency of set theory as their belief, that is, start to believe that no more paradoxes will be derived from the basic thoughts containing set theoretical concepts as the axioms. This is an inductive belief derived by brains from observing their own activities. Some sort of conscious self-knowledge of the brains’ may be involved in the process for reaching the belief in consistency, but it does not involve any occult faculty of intuition to perceive sets as abstract entities. For instance, a researcher in cognitive science trying to build a model to simulate how brains reach such beliefs on consistency will not consider it relevant to assume the existence of the alleged abstract entities or to explore the alleged intuition ‘about abstract entities’.
Now, consider the relationships between the mathematical and the physical. Recall that generally abstract mathematical concepts and thoughts are related to realistic concepts and thoughts through translation schemes, which are then related to physical entities and their states through the naturalized representation relations. Therefore, the relationships between the mathematical and the physical actually consist in the relationships between mathematical concepts and thoughts in brains and other physical entities and their states through translation schemes and then the naturalized representation relations. They do not really involve the alleged abstract mathematical entities. 
One of these relationships is similarity between some alleged mathematical entities and real things. That actually means that abstract thoughts ‘about those mathematical entities’ that we derive from axioms ‘about those entities’ can be translated into literally true realistic thoughts about those real things according to some straightforward translation scheme. For instance, the structural similarity between Riemann spaces and space-time structures means that abstract thoughts that we derive from our assumptions ‘about Riemann spaces’ can be translated into literally true realistic thoughts about space-time. This characterization of similarity between the mathematical and the physical refers to real things only, namely, thoughts (as mental representations realized as neural circuitries) in brains and other real physical entities. It does not refer to the alleged abstract entities. 
Another type of relationships between the mathematical and the physical that frequently occur in mathematical applications is using a mathematical function to represent the distributions of some physics quantities. For instance, we may use a mathematical function T to represent the temperatures of a physical object at various moments. Here, an abstract thought ‘about the function T’ can be translated into a realistic thought about the temperatures of the object. For instance, the abstract thought ‘T(120)=97’ can be translated into ‘the object is 97(C at 120-seconds from now’. Again, such relationships between the mathematical and the physical are actually between mathematical concepts and thoughts in brains and other physical objects.
4. The Illusion about Abstract Entities

From this naturalistic point of view, the faith in abstract entities comes from human mental attempts to project their abstract concepts created in imagination activities onto the external. Several factors may encourage such attempts. First, abstract concepts and thoughts have similar formats and structures as realistic concepts and thoughts, which do represent real physical entities directly, and both kinds of inner representations ‘look’ similar to our consciousness. Moreover, the latter are perhaps more primitive evolutionally and neurologically. This entices people to think that the former also directly represent something external. 
Second, when we create mental representations in imagining something that could be real (e.g. humans), we may carefully keep our awareness that we do not intend for our imaginations to represent real things, because otherwise there will be confusion. However, when we create mental representations in imagining abstract entities, there is no need to keep this awareness, because there is no possibility of real confusion. Brains may instruct bodies to look for imaginations that could be real, but brains will not do so for imaginations of abstract entities. Therefore, nothing will immediately discourage us from attempting to project such mental representations onto the external as ‘another type of reality’. Whether or not one believes in the existence of abstract entities does not have immediate behavior consequences. This, on the one side, means that nothing will discourage one from keeping the belief, but on the other side, it also means that the belief may be gratuitous.
For instance, the mental intention to represent something directly will fail to realize (naturalistically) for abstract concepts created in imagining mathematical entities. However, this failure does not hamper the normal functions of those abstract concepts, because their normal functions in brains are not for directly representing real things, for instance, not for instructing bodies to look for or recognize some existent things directly. As we have seen above, their normal functions in brains are for summarizing, organizing, and manipulating other inner representations that may directly represent real things, and for relating to real things in some indirect but more general, more flexible, and more abstract ways, through some translation schemes. 
Another factor that encourages projecting abstract concepts onto the external comes from adopting the same logic for abstract thoughts (and in imagining things) as the logic for realistic thoughts, namely, the classical logic with bivalence. Bivalence for realistic thoughts about real things in the universe reflects the fact that real things have every aspect determined by themselves, independent of our knowledge about them or our other mental activities. Then, because of applying bivalence to ‘imaginary things’, it gives the impression that those ‘imaginary things’ also have every aspect determined by themselves. For instance, because of bivalence, we accept the assertion ‘either Holmes has a mole on his back, or he does not have one’. That is, although we never imagined about whether Holmes has a mole on his back, we appear to have imagined that this aspect of him is determinate, independent of us. That is, we imagine ‘imaginary things’ as mind-independent real things. We do not imagine them as something in the process of being created and enriched by us. Similarly, in classical mathematics, we imagine sets as a complete domain of external entities with all properties determined, even if we cannot decide the Continuum Hypothesis from our basic assumptions about sets.
Adopting the same logical rules for abstract thoughts as those for realistic thoughts does have cognitive values in many cases. For instance, when abstract thoughts are applied, the inferences on abstract thoughts can be more straightforwardly translated into inferences on realistic thoughts about real things, since the logical rules used in the former are just those valid rules for realistic thoughts. That is, by adopting the same logical rules, ‘imaginary entities’ will be more similar to real things. 
However, this certainly encourages the attempt to project mathematical imaginations onto the external, as another type of reality. We imagine mathematical entities as mind-independent entities. Moreover, as it has been pointed out above, nothing will directly discourage us from projecting them onto the external as another type of reality. These, then, naturally entice people to claim that mathematical entities do exist as another type of reality. 
Our use of the word ‘true’ for abstract thoughts also encourages this attempt to project. Recall that the naturalized ‘true’ predicate applies to realistic thoughts only. However, since abstract thoughts appear to be similar to realistic thoughts and they are related to realistic thoughts by translation schemes, we naturally apply ‘true’ to abstract thoughts as well. For instance, the most elementary mathematical entities such as numbers and geometric figures are imagined with the specific purpose for simulating physical objects in some relevant aspects. For instance, numbers are imagined as representatives for counting. Simple arithmetic theorems summarize the basic truths about physical objects regarding their object-count properties, for instance, ‘3-apples plus 4-apples are 7-apples’. This naturally invites us to apply the predicate ‘true’ to the abstract thought ‘3+4=7’ and ignore the translation from ‘3+4=7’ to those instances of realistic thoughts. 
Sometimes, for thoughts in the context of telling a story, we carefully say ‘true in story’. For instance, we say that ‘Holmes is a detective’ is true according to the story. However, this context may be forgotten and one may simply say that it is ‘true’. This happens for mathematical thoughts very naturally, in particular, when the mathematical thoughts have a very specific purpose of application and the translation from the mathematical thoughts to realistic thoughts is almost unique and is our common knowledge, as in the case of arithmetic. No real confusion will arise if we do not add ‘in the story of mathematics’ when talking about mathematical entities. 
On the other side, for geometry, when non-Euclidean geometry becomes well-known, people start to distinguish between formal geometry theories and the geometry about the real space. To say that a geometry theory is a formal theory is to say that it is a story about some imagined geometrical figures. Then, one of the stories may fit the real space. There, one will be carefully say that a geometrical theorem is ‘true’ in one geometrical theory but not in another.
Note that, for nominalists and naturalists, mathematics is closer to a fiction than a realistic theory about real things, because looking into a human subject’s brain we see that the cognitive functions of mathematical thoughts are closer to the cognitive functions of thoughts in fictional discourses. Neither is used by brains to represent physical states of affairs directly. Mathematical thoughts can represent physical states of affairs together with a translation scheme. Similarly, a fiction can tell us truths about the real life by some translations. Even the uses of the word ‘true’ for abstract thoughts in mathematics and the uses of it for thoughts in a fiction are govern by the same rules.
It seems that the uses of the predicate ‘true’ for abstract thoughts in mathematics or thoughts in a fictional discourse are governed by these two rules: 
(1) If a thought S logically follows from the assumptions stated in the fiction, or follows from the axioms in mathematics, then S is ‘true’; 
(2) For each thought S, either S is ‘true’ or not-S is ‘true’. 
In other words, in case we can derive neither S nor not-S from the assumptions stateted in the fiction or the axioms, we still want to say that either S is ‘true’, or not-S is ‘true’. However, these two rules are incomplete. That is, they do not decide, for each thought S, if S is ‘true’. For instance, they do not imply if ‘Holmes has a mole on his back’ or its negation has the property ‘true’, although they do imply that exactly one of them has the property ‘true’. In that sense, these two rules do not really define a definite property ‘true’ for abstract thoughts.  They are only rules governing our usages of the word ‘true’ applied to abstract thoughts. 
On the other side, note that it is not the same as the predicate ‘implied by the fiction’, which is governed by this rule: 
(3) A thought S is ‘implied by the fiction’, if and only if S logically follows from the assumptions stated in the fiction.

This single bi-conditional rule is complete. That is, it decides, for each thought S, if S has the property ‘implied by the fiction’ (ignoring possible troubles caused by infinity implicit in ‘logically follows’). For instance, neither ‘Holmes has a mole on his back’ nor its negation has the property ‘implied by the story’. 
Such uses of ‘true’ for abstract thoughts constitute an incomplete concept, that is, a concept defined by incomplete rules. We are entitled to use such concepts, because in many situations those rules do classify things as belonging to or not belonging to that incomplete concept. Confusion arises only when this is confused with truth as a naturalistic property of realistic thoughts (realized by the naturalized correspondence). The difference between ‘true’ used by the rules (1) and (2) and ‘implied by the story’ defined by (3) also encourages the impression that ‘true’ here is a genuine ‘true’ predicate, just like the naturalized ‘true’ predicate, because it is not the ‘provable’ predicate. Failing to distinguish between the genuine and naturalized ‘true’ predicate for realistic thoughts and the predicate ‘true’ for abstract thoughts governed by the incomplete rules (1) and (2) encourages projecting imaginations onto external. It gives the impression that there is also a genuine ‘true’ predicate for abstract thoughts.
Note that with that use of ‘true’ for abstract thoughts in mathematics, analyticity and a priority of mathematics becomes trivial. It is no more than saying that ‘Holmes is a detective’ is analytic and a priori, since we decide to imagine that. The rules (1) and (2) already imply that all theorems in a mathematical story must be ‘true’.
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